The concept of quasi-periodic property of a function has been introduced by Harald Bohr in 1921 and it roughly means that the function comes (quasi)-periodically as close as we want on every vertical line to the value taken by it at any point belonging to that line and a bounded domain Ω . He proved that the functions defined by ordinary Dirichlet series are quasi-periodic in their half plane of uniform convergence. We realized that the existence of the domain Ω is not necessary and that the quasi-periodicity is related to the denseness property of those functions which we have studied in a previous paper. Hence, the purpose of our research was to prove these two facts. We succeeded to fulfill this task and more. Namely, we dealt with the quasi-periodicity of general Dirichlet series by using geometric tools perfected by us in a series of previous projects. The concept has been applied to the whole complex plane (not only to the half plane of uniform convergence) for series which can be continued to meromorphic functions in that plane. The question arise: in what conditions such a continuation is possible? There are known examples of Dirichlet series which cannot be continued across the convergence line, yet there are no simple conditions under which such a continuation is possible. We succeeded to find a very natural one.
Introduction
The theory of Dirichlet series started at the end of the 19-th Century with works How to cite this paper: Ghisa, D. and Horvat-Marc, A. (2018) Geometric Aspects of Quasi-Periodic Property of Dirichlet using geometric methods. We perfected an idea of Speiser (1934) of studying the pre-image of the real axis by functions obtained as meromorphic continuations to the whole complex plane of general Dirichlet series. The key result was a way to identify the fundamental domains of these functions. These are domains represented conformally (hence injectively) by the functions onto the whole complex plane with some slits.
As Ahlfors [1] noticed, this is the most natural way to proceed when studying different classes of functions. The results are promising and there are a lot of followers mainly in the field of Blaschke products but also in that of Dirichlet functions.
By a general Dirichlet series we understand an expression of the form ( ) 
The abscissa a σ of absolute convergence of the series (1) is defined in an analogous way and it is obvious that c a σ σ −∞ ≤ ≤ ≤ +∞ . For the Riemann Zeta 1 We followed the tradition of this monograph by using the notation "log" for the principal branch of the multivalued function logarithm. Obviously, when the argument is positive, it simply means natural logarithm. 
This fact suggests that the series (1) converges uniformly on that half plane.
Harald Bohr defined the abscissa of uniform convergence of (1) 
such that for every s ∈Ω we have
This roughly means that the function comes (quasi)-periodically on a vertical line as close as we want to the value of it at any point of Ω belonging to that line.
We study in this paper the quasi-periodic property of functions defined by general Dirichlet series and show that this is a geometric property of the image
of vertical lines related to the fundamental domains of these functions. These fundamental domains are obtained as shown in [3] and [5] .
The Quasi-Periodicity on Vertical Lines of General Dirichlet Series
Let us give first to the concept of quasi-periodicity a slightly different definition.
We will say that ( ) It is known (see [5] ) that for every series (1) which can be continued analytically to a the whole complex plane except possibly for a simple pole at 1 s = , the complex plane is divided into infinitely many horizontal strips are all simple zeros (see [6] ) and are all located on the boundaries of the fundamental domains. Figure 1 illustrates the pre-image of the real axis for t between −20 and 20 by two Dirichlet L-functions defined by Dirichlet characters modulo 13 studied in [3] , the first one by a complex character and the second by a real one. On both arcs are tangent to each other (see [7] ).
When the analytic continuation to the whole complex plane of the series (1) 
Analytic Continuation of General Dirichlet Series
It is known that some functions defined by Dirichlet series cannot be extended across the line Re c s σ = since all the points of the abscissa of convergence are singular points. Examples of such series can be easily found as seen in [8] and [3] . On the other hand all the Dirichlet L-functions are analytic continuations to the whole complex plane, except for some poles of particular Dirichlet series.
These continuations have been performed by using the Riemann technique of contour integration. In that follow, we will show that a similar technique is applicable also to general Dirichlet series.
We recall that the Gamma function can be expressed as 
and this is a meromorphic function in the complex plane.
On replacing x by e n x λ in (7), we obtain e ,e , λ λ  and we have interchanged the integration and the summation, which is allowed, since the integrals of the terms are absolutely convergent at both ends. We notice that Hardy and Riesz [2] have found (in Theorem 11) a similar formula to (8) 
Riemann has shown that the integral from (9) is equivalent to a contour integral of ( ) The right hand side in (10) is defined for every complex value s and represents a meromorphic function in the whole complex plane.
Quasi-Periodicity and Denseness Property
The connection between the quasi-periodic property and the denseness property of the image of vertical lines by Dirichlet functions appears clearly when we interpret the first one in terms of the arcs In order to study the image of vertical lines by the series (1) the condition that the exponents n λ are linearly independent in the field of rational numbers has been assumed in [9] . As we suppose that 1 0 λ = , we cannot use the results in [9] for the series (1), yet we can study the series 
Conclusion
A Dirichlet function is defined by an arbitrary sequence of complex numbers (the coefficients) and a sequence of increasing positive numbers (the exponents), otherwise also arbitrary. It is intriguing how two such arbitrariness can involve a strong property as that of quasi-periodicity. We have shown that this is in fact a geometric property related to the fundamental domains of the respective function. The domains are infinite strips which are mapped conformally by the function onto the whole complex plane with some slits. A vertical line intersects all those strips and the values of the function on each one of the segments obtained come quasi-periodically close to every given value on that line as illustrated in Figure 3 and Figure 4 . The Diophantian approximation plays here properties come simultaneously. We brought in this paper some light into these two complex phenomena.
